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ABSTRACT 
An a b s t r a c t  approximation theory and computat ional  methods are developed 
f o r  t h e  d e t e r m i n a t i o n  of op i tmal  l i n e a r - q u a d r a t i c  feedback c o n t r o l s ,  o b s e r v e r s  
and compensators f o r  i n f i n i t e  dimensional  d i s c r e t e - t i m e  s y s t e m s .  P a r t i c u l a r  
a t t e n t i o n  is pa id  to systems whose open-loop dynamics are d e s c r i b e d  by 
semigroups of o p e r a t o r s  on Hilbert spaces .  The approach t a k e n  is  based upon 
t h e  f i n i t e  dimensional  approximation of t h e  i n f i n i t e  dimensional  o p e r a t o r  
Riccati  e q u a t i o n s  which c h a r a c t e r i z e  t h e  opt imal  feedback c o n t r o l  and o b s e r v e r  
g a i n s .  T h e o r e t i c a l  convergence r e s u l t s  are p r e s e n t e d  and d i s c u s s e d .  
Numerical r e s u l t s  f o r  a n  example i n v o l v i n g  a h e a t  e q u a t i o n  with boundary 
c o n t r o l  are p r e s e n t e d  and used t o  demonst ra te  the f e a s i b i l i t y  of our  methods. 
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1. Introduction ! 
I In  t h i s  paper w e  develop an  approximation t h e o r y  and computa t iona l  methods €or 
t t h e  de te rmina t ion  of t h e  o p t i m a l  feedback c o n t r o l  l a w  f o r  the  d i s c r e t e - t i m e  l inear- 
q u a d r a t i c  r e g u l a t o r  problem, t h e  opt imal  s t a t e  e s t i m a t o r  o r  o b s e r v e r  g a i n s  and t h e  
opt imal  compensator f o r  i n f i n i t e  dimensional systems. S p e c i f i c a l l y ,  we a r e  
concerned w i t h  systems whose dynamics can be d e s c r i b e d  i n  terms of l i n e a r  semigroups 
of o p e r a t o r s  on H i l b e r t  spaces .  The e s s e n t i a l  f e a t u r e  of our approach i s  t h e  f i n i t e  
d imens iona l  approximation of t h e  i n f i n i t e  d imens iona l  o p e r a t o r  Riccati  equat ions  
t h a t  c h a r a c t e r i z e  t h e  o p t i m a l  feedback c o n t r o l  and o b s e r v e r  ga ins .  We develop a 
g e n e r a l ,  a b s t r a c t  approximation framework and an a s s o c i a t e d  convergence theory which 
i s  a p p l i c a b l e  t o  a wide class of problems. 
I 
The t h e o r y  f o r  t h e  d i s c r e t e - t i m e  c o n t r o l  problem has been developed p r e v i o u s l y  
i n  [ 5 ] ,  w h i l e  the  theory  f o r  t h e  observer  and compensator i n  t h e  continuous-time 
case ( w i t h  p a r t i c u l a r  emphasis on systems d e s c r i b i n g  t h e  v i b r a t i o n  of f l e x i b l e  
s t r u c t u r e s )  i s  t r e a t e d  i n  [41.  Along with p r e s e n t i n g  t h e  t h e o r y  f o r  the  d i s c r e t e -  
I t i m e  observer  and compensator h e r e  f o r  the f i r s t  t i m e ,  w e  b r i e f l y  review and o u t l i n e  
our  ear l ie r  r e s u l t s  f o r  t h e  c o n t r o l  problem. 
Our t rearment  below r e q u i r e s  t h a t  both t h e  d i s c r e t e - t i m e  i n p u t  and output  
o p e r a t o r s  be bounded. A s  w i l l  become evident  from t h e  example we present  i n  S e c t i o n  
4 however, an unbounded i n p u t  o p e r a t o r  (i.e. i t s  range i s  conta ined  i n  some space 
l a r g e r  than  t h e  u n d e r l y i n g  s ta te ,_ . space)  i n  t h e  cont inuous- t ime problem may l e a d  t o  a 
bounded i n p u t  o p e r a t o r  when t h e  system is  sampled and cons idered  i n  a d i s c r e t e - t i m e  
s e t t i n g .  This  n o t i o n  can, t o  a c e r t a i n  e x t e n t ,  be g e n e r a l i z e d  t o  permit  t h e  
a p p l i c a t i o n  of t h e  theory  w e  develop here  t o  a wide class of problems which 
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Now we provide a b r i e f  o u t l i n e  of t he  remainder  of t h e  paper .  In  Sec t ion  2 w e  
p r e s e n t  t h e  theory f o r  t h e  opt imal  i n f i n i t e  d imens iona l  c o n t r o l  l a w ,  obse rve r  and 
compensator.  In  Sec t ion  3 t h e  approximation theo ry  and convergence r e s u l t s  are  
d i scussed .  An example ( i n c l u d i n g  numerical  r e s u l t s )  i n v o l v i n g  a h e a t  equa t ion  wi th  
boundary c o n t r o l  i s  used i n  S e c t i o n  4 t o  demonst ra te  t h e  f e a s i b i l i t y  of our methods. 
2. The In f in i t e  Dimensional O p t i m a l  Con t ro l  Law, State E s t i m a t o r  and 
Compensator 
L e t  {H, <*,*>,} be a H i l b e r t  space and c o n s i d e r  t h e  t i m e  i n v a r i a n t ,  d i s c r e t e -  
t i m e  l i n e a r  c o n t r o l  system 
k = 0,1,2 ,.... 
k = 0,1,2, .... 
where T E L ( H ) ,  B E L(R",H), C E L(H,RP) and D E f(Rm,RP). 
ho r i zon  d i sc re t e - t ime  l i n e a r - q u a d r a t i c  r e g u l a t o r  (LQR) problem is  given by: 
The i n f i n i t e  t i m e  
m * * m  Find u = { u ~ } ~ = ~  E L 2 ( 0 , m ; R  ) which minimizes t h e  q u a d r a t i c  performance index  
m 
T J ( u )  = 1 < Q z ~ , z ~ > ~  + ukRuk 
k=O 
m 
where Q E f (H) is s e l f - a d j o i n t  and nonnegat ive,  R E L(R ) i s  a symmetric, p o s i t i v e -  
d e f i n i t e  m X m 
r ecu r rence  (2 .1  ) . 
OD 
matr ix ,  zo E H is  given and z = {zk) k=o is determined by t h e  
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As i n  t h e  f i n i t e  dimensional  case the  d i s c r e t e - t i m e  system ( 2 . 1 ) ,  ( 2 . 2 )  i s  
f r e q u e n t l y  t h e  r e s u l t  of sampling a continuous t i m e  system of t h e  form 
t > O  
where A i s  t h e  i n f i n i t e s i m a l  g e n e r a t o r  of a Co-semigroup of bounded l i n e a r  
o p e r a c o r s ,  { T ( t )  : t > 01, on H and 8 E L(Rm,H) .  
T = J ( r )  and B = lo T ( t ) 8  d t  where r i s  t h e  lengzh  of t h e  sampling i n t e r v a l  o r  
sampling per lod.  
In  t h i s  case we have 
r 
m A c o n t r o l  sequence u E L2(0 ,m;R ) i s  s a i d  t o  be a d m i s s i b l e  f o r  t h e  i n i t i a l  
It can be shown (see [SI, [ l o ] )  t h a t  i f  t h e r e  i s  an  c o n d i t i o n s  zo I f  J ( u )  < =. 
a d m i s s i b l e  c o n t r o l  f o r  each z E H, then t h e r e  e x i s t s  a nonnegat ive  s e l f - a d j o i n c  0 
s o l u t i o n  II E: L ( H )  t o  t h e  o p e r a t o r  R i c c a t i  a l g e b r a i c  e q u a t i o n  
* * -1 * 
( 2 . 6 )  II = T (II - IIB(R + B IIB) B II)T + Q. 
I f ,  i n  a d d d l t l o n ,  u admlssFble f o r  zo i m p l i e s  l i m  I z  I = 0 t h e n  t h i s  s o l u t i o n  i s  k H  b- 
unique. Moreover under t h e  two hypotheses g lven  above, t h e  LQR problem admi ts  a 
unique s o l u t i o n  u f o r  each z E H w l t h  J ( u  ) = ( I i z  z > The opt imal  c o n t r o l  i s  * * 0 0 ' 0 "  
given  i n  feedback form by 
* * 
k' u = -Fz k k = 0 , 1 , 2 ,  ... 
where t h e  opt imal  feedback c o n t r o l  gains F are given by 
- 4 -  
(2.7) 
* -1 * 
F = ( R  + B JIB)  B IIT 
* * w  
and z = {zk} k=O i s  the  r e s u l t i n g  opt imal  s t a t e  t r a j e c t o r y .  We have 
k - * 
2 k+ 1 - SZk7 
zo - zo 
- * 
k = 0,1,2,... 
wfth t h e  opt imal  closed-loop s r a t e  t r a n s l t f o n  o p e r a t o r  S g:ven by 
If Q i s  a l s o  coerc ive  (:.e., Q > a f o r  some a > 0)  then S has  s p e c t r a l  r a d i u s  l ess  
than one and S i s  uniformly e x p o n e n t i a l l y  s tab le  w i t h  
For each j = 1,2 ,..., m an app1:cation of t h e  Riesz  Representa t ion  Theorem 
y i e l d s  t h a t  t h e  jth component of the  opt imal  kth c o n t r o l  i n p u t  i s  given by 
m 
j = 1  
T f o r  some € E H. The v e c t o r  f = (f  f ,... , f  ) E x H is  referred t o  a s  the  m j 1 7  2 
op t l m a l  € l inct€onal  feedback c o n t r o l  g a h s .  
In o r d e r  t o  implement a feedback c o n t r o l  l a w  of t h e  form Uk = +hk’ k = 
0,1,’2,... where G E L(H,Rm) i t  is  necessary  t h a t  t h e  f u l l  i n f i n l t e  dimenstonal  s t a t e  
zk be a v a l l a b l e  €or each k. In practice,  however, o n l y  a f i n i t e  dimensional  
i c 
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o b s e r v a t i o n  y 
s t a t e  e s t i m a t o r  o r  o b s e r v e r  is  requi red .  
E Rp of t h e  s t a t e ,  a s  given i n  (2.21, i s  provided.  Consequently,  a k 
c. 
P For any o p e r a t o r  G L(R  , H )  t h e  d iscre te - t ime l i n e a r  s y s t e m  
A A A * 
A 
zo E H 
k = 0,1,2, ... 
c o n t r o l  law 
(2. l o )  
A 
k = 0,1,2, . .  k’ u = -Gz k 
a l o n g  with the o b s e r v e r  (2.9) i s  r e f e r r e d  t o  as a compensator f o r  t h e  system (2. 1)’ 
(2.2). 
A 
I f  we d e f i n e  e = z - z k = 0,1,2,... then  d i r e c t  c a l c u l a t i o n  y f e l d s  k k k’ 
A 
= (T - =)ek ,  k = 0,1 ,2 ,  ... k+ 1 e 
A A  k A A  o r  e = S ( G )  eo, k = 0,1,2 ,... where S ( G )  E L ( H )  i s  given by k 
(2.11) 
A A  A 
S ( G )  = T - GC. 
I f  t h e  c o n t r o l  l a w  o r  compensator (2.10) I s  t o  be used, then  i t  i s  d e s i r a b l e  t o  
A 
have ek + 0 as k + 
s t a b l e  i f  IS(G) zOIH-+ 0 as k + m €or each z 
exponenrlally s t a b l e  f f  there exC.st p o s i t i v e  c o n s t a n t s  H and r w€Lh r < 1 such t h a t  
. The o b s e r v e r  corresponding t o  G is  s a i d  t o  be s t r o n g l y  
It i s  s a i d  t o  be uni formly  
kA A A  A 
E H. 0 
A A A 
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I;(bkl < Kk, k = 0 ,1 ,2  ,... . 
- m A m  
If z = { z ~ ) ~ = ~  and z = {zk)k=o are g e n e r a t e d  by (2.1) and (2.9) r e s p e c t i v e l y  
a m - T m  
w i t h  u = { u  1 given  by (2.10) then 2 = {zk} k=O = { ( z k , z k )  IkzO s a t i s f i e s  t h e  k k=O 
1 re cu r  r ence  
A 
= S ( G , G )  zk ,  k = 0,1 ,2 ,  ... ' k+l (2.12) 
A 
where S ( G , G )  E L(H x H )  is g iven  by 
The sys tem (2.12) o r  e q u i v a l e n t l y  
z = S ( G , G )  A k  '0, k = O , l , Z , . .  k 
i s  t h e  closed-loop system corresponding  t o  t h e  c o n t r o l  sys tem (2 .1 ) ,  (2 .2) ,  t h e  
o b s e r v e r  (2.9) and the compensator (2.10). 
We reca l l  (2.5) and by analogy t o  (2.11), for G E L(H,Rm)  we adopt  the  n o t a t i o n  
(2.13) S ( G )  = T - BG. 
Using t h e  f a c t s  t h a t  
\ 
A 
Z k+ 1 = Tzk - BGzk 
= (T - BG)zk + BGek  
= S(G)zk + BGek 
and 
k = S ( G ) [ I ,  -I] Z 
= S(G)ek 
and consequent ly  t h a t  
-1 where U = U E L(H X H) i s  given by 
s t a n d a r d  arguments can be used t o  e s z a b l i s h  t h e  fo l lowing  r e s u l t .  
I A 
Theorem Suppose t h a t  t h e r e  e x i s t  p o s i t i v e  c o n s t a n t s  M ,  M, r and r f o r  which 
k = 0,1,2,... . k ^ " k  A n  IS(G)kl < M r k  and- IS(G) I < M r  , 
A 
Then f o r  each  tr w i t h  tr > rnax(r , r )  t h e r e  e x i s t s  a p o s i t i v e  c o n s t a n t  M such t h a t  
1s ( G , t ) k l  < hhk , k = O,l,Z,.. . . 
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A A  
In p a r t i c u l a r  i f  S ( G )  and S ( G )  are uniformly e x p o n e n t i a l l y  s table  ( i . e .  
r ,  r < 1) t h e n  s o  too  i s  S ( G , G ) .  Also,  t h e  spectrum of S ( G , G ) ,  u ( S ( G , G ) )  i s  g iven  
A A A A 
By analogy t o  t h e  f i n i t e  dimensional  case (see [ 7 ] )  we d e f i n e  t h e  opt imal  
d i s c r e t e - t i m e  observer f o r  t h e  system (2.1),  (2 .2)  t o  be t h e  system (2.9)  wi th  t h e  
o b s e r v e r  g a i n s  G rep laced  by F gtven by 
A A 
A 
A * A  - * -1 
F = TlIC (R + CIIC ) 
A 
where II E: L ( H )  is t h e  minimal nonnegat ive s e l f - a d j o i n t  s o l u t i o n  ( i f  one e x i s t s )  t o  
t h e  Riccati a l g e b r a i c  e q u a t i o n  
A A * - I A  * -- 
A A * - -  
( 2 . 1 4 )  II = T(II - IIC (R + ClIC ) CII)T + Q , 
A A 
Q E L ( H )  i s  nonnegative s e l f - a d j o i n t  and R E: L ( R  P ) i s  a symmetric p o s i t i v e  
d e f i n i t e  pxp matrix. When G i n  (2.10) is  t a k e n  t o  be t h e  o p t i m a l  feedback c o n t r o l  
g a i n s  F g iven  i n  ( 2 . 7 )  and z = { z ~ ) ~ = ~  is t a k e n  t o  be z 
d e t e r d n e d  by the opt imal  o b s e r v e r ,  t h e  r e s u l t i n g  feedback  c o n t r o l  l a w  
A A m  A *  A *  m 
= { k' k=O , t h e  t r a j e c t o r y  
k = 0,1,2,.. " *  . k '  
A *  
(2.15) uk = -Fz 
is known as t h e  optimal i n f i n i t e  dimensional  compensator.  The o p t i m a l  closed-loop 
system is g iven  by 
I 
A 
We n o t e  t h a t  t h e  a d j o i n t  of t h e  optimal o b s e r v e r  g a i n s  F are t h e  opt imal  I 
I 
c o n t r o l  g a i n s  f o r  t h e  l i n e a r  r e g u l a t o r  problem o b t a i n e d  by r e p l a c i n g  t h e  o p e r a t o r s  T 




t h e  o p e r a t o r s  Q and R. Consequently t h e  necessary  and s u f f i c i e n t  c o n d i t i o n s  f o r  t h e  
e x i s t e n c e  of a nonnegat ive s e l f - a d j o i n t  s o l u t i o n  (and t h e r e f o r e  a minimal 




I clear and can be found i n  [51. I n  a d d i t i o n ,  i t  i s  now a l s o  easy  t o  s p e c i f y  t h e  
c o n d i t i o n s  under which 1) (2.14) has  a unique nonnegat ive  s e l f - a d j o i n t  s o l u t i o n  and 
2 )  t h e  o p e r a t o r  
A A n  A 
S = S(F) = T - FC 
w i l l  be uniformly e x p o n e n t i a l l y  s t a b l e .  
A 
The opt imal  o b s e r v e r  g a i n s  F is an element i n  L(Rp,H). They t h e r e f o r e  have a i; 
r e p r e s e n t a t i o n  of t h e  form I 
I 
A A P 
1 
- T  A A  where f e H ,  i = 1,2  ,..., p. 
t h e  o p t i m a l  f u n c t i o n a l  o b s e r v e r  ga ins .  
The v e c t o r  f = ( f l , f 2  ,..., f p )  e x H is r e f e r r e d  t o  as i 
O r d i n a r i l y  of c o u r s e ,  t h e  otpimal  observer  has a s t o c h a s t i c  i n t e r p r e t a t i o n .  
The o p t i m a l  o b s e r v e r - a s  we have def ined  i t  above is t h e  n a t u r a l  e x t e n s i o n  t o  
i n f i n i t e  dimensions of t h e  w e l l  known f i n i t e  d imens iona l  d i s c r e t e - t i m e  Kalman-Bucy 
f f l t e r  f o r  t h e  case i n  which t h e  s ta te  and o u t p u t  e q u a t i o n s  are c o r r u p t e d  by 
I -10- 
u n c o r r e l a t e d ,  s t a t i o n a r y  Gaussian white  n o i s e  p r o c e s s e s  w i t h  zero  mean and 
r e s p e c t i v e  covariance o p e r a t o r s  ( m a t r i c e s )  Q and R ( s e e  [7] 1. Under a p p r o p r i a t e  
a d d i t i o n a l  hypotheses ( i . e .  t h a t  t h e  s ta te  w e i g h t i n g  o p e r a t o r  Q i n  ( 2 . 3 )  is trace 
c lass ,  see [ l ] )  i t  is a l s o  p o s s i b l e  t o  provide  t h e  opt imal  i n f i n i t e  dimensional  
compensator g iven  by (2.15) w i t h  t h e  s t a n d a r d  f i n i t e  d imens iona l  s t o c h a s t i c  
i n t e r p r e t a t i o n  ( i . e .  a s  t h e  u s u a l  opt imal  LQG compensator,  see [ 3 ] ,  [ 4 ] ) .  The i d e a s  
which have been presented above and t h e  approximat ion  t h e o r y  which w i l l  be d e s c r i b e d  
i n  t h e  n e x t  s e c t i o n  r e q u i r e  o n l y  t h a t  the  c o n d i t i o n s  which have been set f o r t h  t h u s  
f a r  hold. W e  s h a l l  t h e r e f o r e  cont inue  t o  take a s t r i c t l y  d e t e r m i n i s t i c  approach and 
assume t h a t  t h e  o p e r a t o r s  Q and R ( a s  w e l l  as Q and R)  are determined by e n g i n e e r i n g  
cr i ter ia  ( f o r  example, s t a b i l i t y  margins,  r o b u s t n e s s  of t h e  closed-loop systems, 




3. Approxfmation and Convergence 
I n  t h i s  secEion we develop an  approximation framework which y i e l d s  f i n i t e  
dimensional  approximations to  t h e  opt imal  i n f i n i t e  dimensional  c o n t r o l  and o b s e r v e r  
g a i n s  and t h e  opt imal  i n f i n i t e  dimensional  compensator. C e n t r a l  t o  our  approach are 
f i n i t e  dimensional  approximations t o  t h e  i n f i n i t e  dimensional  o p e r a t o r  R i c c a t i  
e q u a t i o n s  ( 2 . 6 )  and (2.14).  The approxfmating e q u a t i o n s  can be s o l v e d  us ing  
convent iona l  techniques ( f o r  example, e igenvalue-e igenvec tor  o r  Schur decomposition 
of t h e  a s s o c i a t e d  Hamiltonian mat r ices) .  
t h e  convergence of the approximation can be argued.  
Under mild and r a t h e r  g e n e r a l  assumptions,  
For each N = 1,2,.. .  l e t  HN be a f i n i t e  d imens tona l  subspace of H. L e t  
PN : H + H 
i n n e r  product ,  <* 
nonnegat ive s e l f - a d j o i n t ,  w e  c o n s i d e r  t h e  R icca t i  a l g e b r a i c  e q u a t i o n  
denote  the or thogonal  p r o j e c t i o n  of H onto  HN w i t h  r e s p e c t  t o  t h e  H- N 
. For  TN E L ( " ) ,  BN E L(Rm,HN) and Q, E L(") w i t h  QN 
- 1 1 -  
We assume t h a t  f o r  each N ,  t h e  e q u a t i o n  (3.1) has  a unique nonnegat ive  s e l f - a d j o i n t  
s o l u t i o n  II E !-("I and d e f i n e  t h e  Nth approximating opt imal  c o n t r o l  g a i n s  by N 
A 
For t h e  e s t i m a t o r ,  we take QN E L(") nonnegat ive  s e l f - a d j o i n t  and 
C E L ( H  ,Rp) and c o n s i d e r  t h e  e q u a t i o n  N N 
Assuming a unique nonnegat ive  s e l f - a d j o i n t  s o l u t i o n  iN E L ( H N ) ,  we d e f i n e  t h e  Nth 
approximating opt imal  observer  g a i n s  by 
The Nth approximating o p t i m a l  compensator i s  g iven  by 
(3.3) k = O , l , Z , . .  . 
A *  IO3 i s  determined from t h e  Nth approximar ing  opt imal  observer  
A *  
"N,k k=O where z = N 
A 
A *  A *  A *  * " *  A *  
z N ,  k+l = TNiN,k + BNuN,k + FN "N,k k = 0,1,2,... (3.4) S Z N , k  - hN,k" 
A *  
z 
* 
= P z  E N,O N 0 % *' 
- 1 2 -  
k = 0,1,2,... 
where 
* * A *  
N ,  k+l 
k = 0,1,2, ... N,k - BFNZN,k ’ = Tz z 
* - 
N , O  - ’ 0  z 
The Nth approximating o p t i m a l  closed-loop sytem e v o l v e s  accord ing  t o  t h e  r e c u r r e n c e  
* * 
= ’N %,k’  N ,  k+l Z k = 0,1,2, ... 
* A *  - 
where %,k - (‘N,k’ N,k z 
)T and S N  E L ( H  x s) i s  g iven  by * 
sN =[ f 
FNC 
The equat ions  and formulas  given above are o p e r a t o r  e q u a t i o n s  and as such can 
n o t  be used i n  computations d i r e c t l y .  It i s  t h e f r  matrix e q u i v a l e n t s  w i t h  r e s p e c t  
t o  a g iven  basis f o r  HN t h a t  are requi red .  
i s  a ( n o t  n e c e s s a r i l y  o r t h o g o n a l )  basis W e  assume t h a t  t h e  c o l l e c t i o n  E +  i 1 i=l  N %  
n o t a t i o n a l  convention t h a t  f o r  a l i n e a r  o p e r a t o r  L w i t h  domain and range i n  “9 Rm 
-13- 
N KN o r  Rp, i t s  mat r ix  r e p r e s e n t a t i o n  wi th  respec t  t o  t h e  b a s i s  {I$ i1 i-1 f o r  HN and t h e  
s t a n d a r d  bases  f o r  Rm and Rp w i l l  be denoted by [ L ] .  
N - 1  T N  N N T  * 
N I f  w e  d e f i n e  t h e  G r a m  m a t r i x  2 = <@ ,(O ) >H t h e n  [T ] = (M ) [TN]  M , 
* * N -1 N N A N  ^ N -1 
[BNl = [ B N I T #  and [C,] = (M [ C N I T .  Also r = M [II,] and r = [ I I N ] ( M  ) 
are r e s p e c t i v e l y ,  t h e  unfque nonnegative symmetric s o l u t i o n s  t o  t h e  mat r ix  R i c c a t f  
a l g e b r a i c  e q u a t i o n s  
and 
N -1 where QN = MN[QN] and iN = [tN1(M 
approximating opt imal  c o n t r o l  g a i n s  i s  given by 
. The m a t r i x  r e p r e s e n t a t i o n  f o r  t h e  
and f o r  t h e  approximating o p t i m a l  observer g a i n s  by 
A *  ^ *  5 
= (@N)T;i,k w i t h  5 E R , k = 0,1,2 ,... t h e n  from (3.3) w e  
N,  k N ,  k 
I f  w e  wri te  z 
o b t a i n  
k = 0,1,2,... 
-14-  
and from (3.4)  
A *  
5N,o  = (MN>-’ <@N,20>H . 
m 
1 
I f  w e  l e t  f N  = ( f l ,  N N  f 2 ,  ..., f N T  ) E x HN d e n o t e  t h e  Nth approximating opt imal  
m 
- 
f u n c t i o n a l  feedback c o n t r o l  g a i n s ,  then from 
N 
F N N  z = <f , z ~ > ~  = [FN]cN 
N T  
where z = ( @  ) SN E HN,  w e  f i n d  N 
f N  = [FNI(M N ) -1 Q N . 
S i m i l a r l y ,  t h e  Nth  approximating opt imal  f u n c t i o n a l  o b s e r v e r  g a i n s  
P 
1 
A N  ^ N  ^ N  T iN = ( f l , f 2 , - = . , f p )  E X I-$ are given by 
A T N  iN = [FN] 0 . 
It is  immediately clear t h a t  t h e  l i m i t i n g  behavior  of t h e  approximation ( i . e .  
as N + m )  i s  determined by t h e  l i m i t i n g  behavior  of t h e  s o l u t i o n s  t o  t h e  f i n i t e  
d imens iona l  Riccati e q u a t i o n s  (3.1) and (3.2). 
approximations t o  discrete-time Riccati  e q u a t i o n s  w a s  developed i n  d e t a i l  i n  [51. 
We b r i e f l y  summarize t h o s e  r e s u l t s  here.  
A convergence t h e o r y  f o r  
We assume t h a t  t h e  spaces  HN are H-approximating f n  t h e  s e n s e  t h a t  t h e  
p r o j e c t i o n s  PN converge s t r o n g l y  t o  t h e  i d e n t i t y  on H as N -t m. Also, we r e q u i r e  
- 1 5 -  
A 
and t h a t  BN + B and C P + C i n  norm as N + OJ Define SN,  SN E L ( H N )  by N N  
A A 
SN = TN- BNFN and SN = TN - FNCN . 
A 
I f  t h e r e  e x i s t s  a p o s i t i v e  cons tan t  M (M) independent  of N f o r  which 
A A A 
II 
( ( 2 . 4 ) )  and lINPN 
e x f s t s  a p o s i t i v e  c o n s t a n t  r ( r )  less than one and independent  of N f o r  which 
< M (IIN < M )  t h e n  t h e r e  exis ts  a nonnegative s e l f - a d j o i n t  s o l u t i o n  II (IT) of (2.6)  










t h e n  IINPN (IIZN) w i l l  converge s t r o n g l y  t o  II (I). 
A 
If t h e  o p e r a t o r s  QN (Q,) a r e  uniformly ( w i t h  r e p s e c t  t o  N) c o e r c i v e  and 
N 
A A I t h e  II 
f o r  which (3.7) holds.  I f  it i s  a l s o  t r u e  t h a t  Q ( Q )  i s  trace class and 
QNPN (QzN) converges i n  trace norm t o  Q (Q), t h e n  II (II) is a l s o  trace class and 
(n,) are uniformly bounded then t h e r e  e x i s t s  a p o s i t i v e  r ( r )  less than one 
A 
A A A 
1 
A I 
(IIgN) converges i n  trace norm t o  II (I). 
The consequences of t h e s e  r e s u l t s  i n  the c o n t e x t  of t h e  c o n t r o l  and o b s e r v e r  
problems are a t  once clear. If  IINPN + II weakly as N + m ,  then  
N 
i F Z N  + F and SNPN + S s t r o n g l y  and f + f i ,  i = 1,2, ..., m weakly i n  H as 
N + -. I f  IINPN + II s t r o n g l y ,  then  FN + F i n  norm, SNPN + S s t r o n g l y  and 
f y  + f i ,  i = 1 , 2  ,... ,m s t r o n g l y  i n  H as N + -. 
if nNPN + II weakly, then  FN + F and SNPN + S weakly and f i  + f i ,  i = 1,2,.. . , p  
weakly i n  H as N + -. 
s t r o n g l y  and f 
For t h e  o b s e r v e r  problem, 
L 
A A A A A A " N  A 
I 
A A A A A A 
'NPN * If IINPN + II s t r o n g l y ,  t h e n  FN + F in norm, 
I AN A 
+ f i ,  i = 1 ,2  ,..., p s t r o n g l y  i n  H as N -f - . 
L e t  PN denote  t h e  p r o j e c t i o n  of H X H onto H X HN d e f i n e d  by 
P N ( Z 1 p Z - 2 )  = (zlyPNz2). 
sN 
as N + Under a p p r o p r i a t e  a d d i t i o n a l  hypotheses on t h e  s p e c t r a l  p r o p e r t i e s  of 
I f  IINpN + II weakly or  s t r o n g l y  t h e n  
+ s weakly o r  s t r o n g l y  depending only  upon whether II P 
A I 
+ II weakly o r  s t r o n g l y  N N  
- 1 6 -  
t h e  open loop s y s t e m  and t h e  n a t u r e  of t h e  approximation spaces  HN and t h e  
p r o j e c t i o n s  PN, i t  i s  p o s s i b l e  t o  o b t a i n  a r e s u l t  r e g a r d i n g  t h e  norm convergence 
of  An impor tan t  consequence of t h i s  norm convergence of t h e  
closed-loop systems is t h a t  t h e  uniform e x p o n e n t i a l  s t a b i l i t y  o f S w o u l d  imply t h e  
-uniform exponent ia l  s t a b i l i t y  of sN f o r  a l l  N s u f f i c i e n t l y  l a r g e .  
PN t o  S (see [ 4 1 ) .  
* * 
Remark 
only  weakly ( s e e ,  f o r  example [21). In t h i s  i n s t a n c e  i t  remains p o s s f b l e  t o  
demonst ra te  t h e  weak convergence of II"PN t o  II ( s e e  [ 5 ] ) .  
t o  r e t a i n  the  weak convergence of lIgN t o  II. 
It is sometimes t h e  case t h a t  whi le  TNPN + T s t r o n g l y ,  TNPN + T 
However, we do n o t  see how 
A A 
Remark I f  t h e  dlscrete-time system (2.1), (2.2) w a s  ob tafned  v i a  t h e  sampling of a 
cont inuous  t i m e  system o f  t h e  form ( 2 . 4 1 ,  (2 .5)  then  t h e  approximation t o  T, TN, i s  
f r e q u e n t l y  obta ined  by approximat ing  t h e  o p e r a t o r  A by an o p e r a t o r  
s e t t i n g  T 
a rgued  u s i n g  t h e  w e l l  known Trot ter-Kat0 semigroup approximation r e s u l t  ( s e e  [ 6 ] ) .  
A,  and t h e n  
* * 
= exp ( A " ) .  The convergence of TNPN t o  T and TNPN t o  T can then  be N 
4. An Example: A Heat Equation d t h  Boundary Input 
We cons lder  the  p a r a b o l i c  system wi th  boundary c o n t r o l  g iven  by 
t > 0, x 8 ( 0 , l )  
1 
where a E H (0,1), a ( x >  > 0, x E [O,11, L?J E: L2(0,1) and v E L 2 ( 0 , m ) .  
average  temperature  over  an i n t e r v a l  of small, b u t  p o s i t i v e ,  l e n g t h ,  
W e  t a k e  t h e  
-17-  
[E1,E2]. That i s  
E.. 
0 < E l  < E 2  < 1. 
We choose t h e  s t a t e  space H t o  be L2(0,1)  endowed w i t h  t h e  u s u a l  i n n e r  product  
and denote  t h e  l e n g r h  of t h e  sampling i n t e r v a l  by T .  We c o n s i d e r  pfecewise c o n s t a n t  
c o n t r o l s  of t h e  form 
and t a k e  t h e  dfscre te - t ime s ta te  z E L2(0,1) t o  be k 
z = Iirn w ( t , * ) ,  k = 1,2,  ... 
t+kr- 
z o = o .  
The r e s u l t i n g  d i s c r e t e - t i m e  c o n t r o l  system fs given by (see [51)  
The open-loop state t r a n s i t i o n  o p e r a t o r  T is g i v e n  by T = T ( T )  
ET(t)  : t 0) is  t h e  a n a l y t i c  semigroup of bounded l i n e a r  o p e r a t o r s  on H w i t h  
i n f i n i t e s i m a l  g e n e r a t o r  A d e f i n e d  by A+ = (a+')' f o r  
2 1 
J, E H ( 0 , l )  fl H o ( O ,  1). 
where 
The i n p u t  opera tor  B E L (R,H) = H is given by 
-18- 
where Q0 E H is given by 9 ( X I  = x, x E 
C E L(H,R) = H '  takes  t h e  form 
[0,11.  The o u t p u t  o p e r a t o r  0 
The performance index  f o r  t h e  c o n t r o l  problem is assumed t o  be of t h e  form 
A 
w i t h  q > 0 and r > 0. 
and r > 0 a r e  g' iven. 
For t h e  opt imal  o b s e r v e r  problem we assume t h a t  q > 0 
A 
The o p e r a t o r  A i s  d e n s e l y  def fned ,  s e l f - a d j o i n t  and has compact r e s o l v e n t .  It 
s a t i s f i e s  t h e  d i s s i p a t i v e  i n e q u a l i t y  
f o r  some w > 0 and consequent ly  t h e  semigroup { T ( t )  : t > 0) is uniformly 
*l)t 
e x p o n e n t i a l l y  s t a b l e  w i t h  I T ( t ) l  < e , t > 0. 
It f o l l o w s  t h e r e f o r e ,  t h a t  both t h e  o p t i m a l  c o n t r o l  and observer  problems 
( a l o n g  wi th  t h e  a s s o c i a t e d  o p e r a t o r  Riccati e q u a t i o n s )  have unique s o l u t i o n s .  
o p t i m a l  c o n t r o l  law i s  g iven  by 
The 
k = 0,1,2, . . .  
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where f E: L ( 0 , l )  is t h e  opt imal  f u n c t i o n a l  feedback c o n t r o l  gain.  The opt imal  
o b s e r v e r  g a i n s  have t h e  form 
2 
A A 
Fy = fy ,  y E: R 
A 
where f E L ( 0 , l )  is t h e  opt imal  f u n c t i o n a l  o b s e r v e r  ga in .  2 
We n o t e  t h a t  i f  a ( x )  = a ,  a cons tan t ,  and E and E are chosen a p p r o p r i a t e l y ,  1 2 
then  a l l  of t h e  open-loop modes w i l l  be c o n t r o l l a b l e  and o b s e r v a b l e  (i.e. B and C 
a re  n o t  o r t h o g o n a l  t o  any of t h e  e fgenfunct ions  of T = T 1. 
* 
* 
W e  use  a s t a n d a r d  Ritz-Galerkin approach t o  d e f i n e  a l i n e a r  s p l i n e  based 
N N-1 approximat ion  scheme. 
f u n c t i o n s  on [ O , l ]  which v a n i s h  on the boundary. They are g iven  by 
For each N = 2 , 3 , . .  . l e t  Io j )  j=l d e n o t e  t h e  u s u a l  "hat"  
J I 
f o r  j = 1 , 2  ,..., N-1. 
L e t t i n g  V be t h  
0 
SP 
e l sewhere  
1 
0 H (0,l) endowed with t h e  i n n e r  product  
<$,,$,>, = <a$;, $i>H, t h e  u s u a l  compact embeddings V c H C V '  hold.  
I!$ = span  {$NIN-l and denote  by PN the or thogonal  p r o j e c t i o n  of H onto HN w i t h  
r e s p e c t  t o  t h e  H-inner product .  
p r o j e c t i o n  of V on to  HN w i t h  r e s p e c t  t o  t h e  V i n n e r  product .  
S e t  
J j=1 
V Note t h a t  HN c V and denote  by PN t h e  or thogonal  
From (4.1) we f i n d  0 E p ( A ) .  Consequently A-' exis ts  and i s  compact. 
v -1 -1 
D e f i n e  A E L(HN)  t o  be t h e  i n v e r s e  of the  o p e r a t o r  A = PN A I . It is not 
d i f f i c u l t  t o  show ( s e e  [5 ] )  t h a t  t h e  o p e r a t o r  A, is w e l l  d e f i n e d ,  s e l f - a d j o i n t  and 
sat i s  f ies 
N N HN 
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S e t t i n g  TN(t )  =I exp (ANt) ,  t h e  semigroups of bounded l i n e a r  o p e r a t o r s  on 
HN, { T N ( t )  : t > 01 are uniformly exponenEia l ly  s t a b l e  w i t h  I T N ( t ) l  < eWt, t > 0. 
Elementary p r o p e r t i e s  of l i n e a r  s p l i n e  f u n c t i o n s  ( s e e  [9]) imply t h a t  
V 
N PN + I s t r o n g l y  on H and P 
and 
+ I s t r o n g l y  on V as N + -. S i n c e  A - l  i s  compact 
-1 -1 A-' + A^'  i n  norm as N + W. It f o l l o w s  t h a t  A, PN + A 
N we conclude t h a t  P 
s t r o n g l y  as N + m and t h e r e f o r e  ( u s i n g  t h e  Tro t te r -Kat0  semigroup 
a p p r o x i n a t i o n  theorem, see [ 6 1 )  t h a t  I N ( t ) P " J I  + T ( t ) J ,  and 
as N + fo f o r  each J, E H uniformly on bounded t - i n t e r v a l s .  
* * 
TN(t)PNJ, + T ( t ) $  
S e t t i n g  TN = T N ( T ) ,  Q, = qPN, Q, = qPN, CN = CPN and 
t h e  uniform exponent ia l  s t a b i l i r y  of TN i m p l i e s  t h a t  t h e  Nth approximat ing  
Riccat i  equat ions  (3.1) and ( 3 . 2 )  have unique,  nonnegat ive ,  s e l f - a d j o t n t  
s o l u t i o n s  II and II 
N + a. 
feedback  c o n t r o l  and o b s e r v e r  g a i n s  FN and FN s a t i s f y  
A A 
f o r  each N and t h a t  II P + II and IINPN + II s t r o n g l y  as N N N N  
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N "N ^ N  .* f o r  some f , f E HN w i t h  f N  + f and f + f s t r o n g l y  i n  L2 
N R e c a l l i n g  t h e  d e f i n i t i o n  of @ and MN, t h e  ( N - 1 )  x (N- 
r e p r e s e n t a t i o n  f o r  the  o p e r a t o r  AN is  given by [AN] = (MN)' 
L~ = - <Q ,(Q m e n  [ T ~ I  = exp ( [ A ~ I  T )  and d e f i n i n g  N N T  >v . 
0 , l )  as N + a. 
) m a t r i x  
(L ) where N 
N -  N N N $o - <@ ,$o>H , a i  = <@ ,a '>H and I 
we have 
t o  be t h e  (N-1) x (N-1) i d e n t i t y  m t r i x  
[Q,] = q I  N a  , [Q,] = ;IN and [C,] = C(QNIT w i t h  f N  = [FN](M N ) -1 @ N and 
T N  ZN = [FN] 0 . 
A A 
S e r t i n g  a ( x )  = 1, x E [ O , l I ,  q = 1, q = 1, r = I ,  r = 1, T = .01 ,  
& = - -  I .04v'T and E~ = - + .03dy we used our  scheme t o  o b t a i n  t h e  
approximat ing  f u n c t i o n a l  g a i n s  f N  and >N f o r  v a r i o u s  v a l u e s  of N plotted i n  
1 2  2 
F i g u r e s  4.1 and 4.2 r e s p e c t i v e l y  below. The m a t r i x  Ricca t i  e q u a t i o n s  (3.5) 
and (3.6) were so lved  u s i n g  a g e n e r a l l z e d  e i g e n v e c t o r  approach ( s e e  [ 8 ] ) .  All 
computat ions were c a r r i e d  o u t  on ,an I B M  PC p e r s o n a l  computer. 
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N Fcgure 4.1: Approximating opttmal functional feedback control gains, f . 
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Figure 4.2: Approximating optimal functional observer gains, f . 
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